The phenomenon of stochastic resonance (SR) in a tumor growth model under the presence of immune surveillance is investigated. Time delay and cross-correlation between multiplicative and additive noises are considered in the system. The signal-to-noise ratio (SNR) is calculated when periodic signal is introduced multiplicatively. Our results show that: (i) the time delay can accelerate the transition from the state of stable tumor to that of extinction, however the correlation between two noises can accelerate the transition from the state of extinction to that of stable tumor; (ii) the time delay and correlation between two noises can lead to a transition between SR and double SR in the curve of SNR as a function of additive noise intensity, however for the curve of SNR as a function of multiplicative noise intensity, the time delay can cause the SR phenomenon to disappear, and the cross-correlation between two noises can lead to a transition from SR to stochastic reverse-resonance. Finally, we compare the SR phenomenon for the multiplicative periodic signal with that for additive periodic signal in the tumor growth model with immune surveillance. 
Introduction
Since stochastic resonance (SR) was discovered by Benzi . to explain periodic recurrences of the earth's ice has attracted much attention [15] [16] [17] [18] [19] [20] . There are several mathematical functions for describing tumor growth, such as the logistic model [21] , Eden model [22] and Gompertzian growth model [23] . The logistic model has been used as a basic model of tumor cell growth. A more refined logistic model without immune response was presented in [24] [25] [26] . A similar model, including the presence of correlated noises for the case of correlation time, has also been considered [27] . The statistical properties of the same model subject to colored noises were studied in [28, 29] .
All of the above works on tumor cell growth models neglect the impact of immune surveillance. In fact, a sufficient amount of experimental and epidemiological evidence has been accumulated to demonstrate that the immune system can suppress tumors [30, 31] . In the presence of immune surveillance as the immunotherapy in tumor treatments, the simplest model which describes the noise-resonant effects in cancer growth, influenced by external fluctuations and periodic treatment, is given by a Langevin equation with additive white noise [32] . In [33] , Zeng . had studied the effect of the correlated noise on the extinction rate in a tumor growth system under immune response, and the SR in the same system was then investigated with an additive periodic signal [34] .
Historically, research on SR has focused mostly on tumor growth under immune treatments, in the deterministic or stochastic case. However, these investigations on tumor growth under immune treatments may neglect the effects induced by time delays. In a more common context of bistable dynamical systems with memory, the system behavior relies on its past through some memory kernel. Such a kernel is equivalent to a time delay [35, 36] . In practice, in many physical as well as biological systems, time delays always exist and play a significant role in the dynamics of the system [37] [38] [39] [40] . Well-known examples include biophysiological controls [41] , neuronal networks [42] , and optical cavities [43, 44] . At the same time, it appears that the combination of time delay and noise is ubiquitous in nature and often changes fundamentally the dynamics of the system [45] [46] [47] [48] [49] . From the discussion above, a significant and intriguing question naturally arises: what will happen if time delay and noises are simultaneously considered in a tumor growth model under immune surveillance, when periodic signals are introduced both multiplicatively and additively?
In this paper, we will study the SR phenomenon in the tumor growth model under immune surveillance when the time delay and noises are accounted for. Our main goal is to provide a theoretical analysis of the SR in the system with time delay and noises. In Section 2, we construct a stochastic delayed differential equation and the corresponding delay Fokker-Planck equation. Afterward, the SR of the tumor growth model under the presence of immune surveillance with multiplicative periodic signal is discussed. Finally, we compare the SR for the multiplicative periodic signal with that for additive periodic signal in this system. The discussion and conclusion are given in Section 3.
The SNR
The tumor cell growth model with immune surveillance is described by the following logistic differential equation [50] :
where is the population of the tumor cells, θ is a constant parameter and β is the immune rate.
In most practically relevant cases, the state of the system should be affected in the first place by its immediate past, with additional correction arising from the time delay [37] [38] [39] [40] . After introducing a time delay into the tumor cell growth model, one obtains:
Here τ denotes the time delayed state variables with τ = ( −τ), and τ is the delay time, which is the reaction time of the population of the tumor cells to environmental constraints. The seasonal growth of tumor cells is a common feature to most species, especially when they are under periodic chemotherapeutic treatment [51] . This means that the immune rate β should take a periodic form, such as a cosine function. Meanwhile, if we consider the external environmental fluctuations (e.g., temperature, the dosage of the medicine in chemotherapy, the intensity of the ray in radiotherapy), the immune rate β can be rewritten as β + ( ) + A cos ω , where A and ω are the amplitude and frequency of the periodic signal, respectively. Likewise, a fluctuation of tumor cell population is inevitable, which behaves in the form of additive noise [15] . As a result, we get
in which ( ) and Γ( ) are multiplicative and additive Gaussian white noises, respectively. Their statical properties can be given by
where D and α are the intensities of multiplicative and additive noises, respectively. λ is the strength of correlation between ( ) and Γ( ) with |λ| 1. The deterministic potential corresponding to Eq. (1) reads as
which has two stable states 1 = 0 (the extinction state), 2 = (1 − θ + (1 + θ) 2 − 4βθ)/(2θ) (the tumor stable state), and an unstable state
. This bistable asymmetric potential is plotted in Fig. 1 . The V ( ) can be viewed as an "energy landscape". Next, we discuss the quasi-stationary probability density of the stochastic process. Using the approximation of the probability density approach [52] [53] [54] [55] [56] , Eq. (3) can be rewritten as
where the subscript eff stands for "effective". Then ( ) and the effective coefficient ( ) of Eq. (6) can be obtained as
where P( τ − τ| ) τ is the conditional probability density of the stochastic process , and can be expressed as
Substituting Eq. (9) into Eq. (7), we have
A cos ω (10) Then, it is shown [53, 56] that the approximate delay Fokker-Planck equation described by Eq. (6) takes the form
where
In the presence of the periodic signal, the potential of the tumor system is modulated by the periodic signal (A cos ω ). Here we assume that the signal amplitude is small enough (i.e., A 1) that it is insufficient to force a particle to move from one well to the other in the absence of any noise, and it can be considered that 1 2 and are still the stable states and the unstable state of the model, respectively. We also assume that the variation of the periodic signal is slow enough (i.e., ω 1) that there is enough time for the system to reach its local equilibrium positions during period of 1/ω. Thus, the quasi-stationary probability distribution function (SPDF) P ( ) can be derived from Eq. (11) with Eqs. (12) and (13) in the adiabatic limit as
where N is a normalization constant and Φ( ) is the effective potential function, which can be expressed exactly as 
where The presence of noise and time delay causes random kicks to the system state point lying in one of these minima. In general, the tumor cell growth system evolves towards the local minimum of the potential, analogous to a ball rolling towards the bottom of a cup. In physics, the minimum of Φ( ) corresponding to 1 (or 2 ) is also called the potential well, and the maximum of Φ( ) corresponding to the potential barrier [58] . Thus, for convenience we call the potential well corresponding to 1 (or 2 ) the left (or right) well. Here, we define the depth of the left well as = Φ( ) − Φ( 1 ), and, similarly, the depth of the right well is = Φ( ) − Φ( 2 ). As shown in Fig. 2 , when the value of λ increases from negative to positive value, the depth of right well increases and the depth of left well decreases. However, when λ is fixed, shown in Fig. 3 , the depth of right well decreases and the depth of left well increases as the value of τ increases. Namely, the system state should be more easily attracted by the right well (
2 ) with the increase of λ, while the system state should be more easily attracted by the left well ( 1 ) with the increases of τ. Thus, the positive correlation between two noises can accelerate the transition from the state of extinction to that of stable tumor, while time delay τ accelerates the transition from the state of stable tumor to that of extinction. The phenomenon of noiseinduced transition [59] and phase transition [60, 61] 
where Φ is the second derivative of Φ with respect to . We consider a system described by a discrete random dynamical variable that adopts two possible values:
1 and 2 , with probabilities 1 2 , respectively. The probabilities satisfy the condition 1 + 2 = 1. The master equation for our problem is
where W 1 2 are the transition rates out of the 1 2 states. Since we assume the signal amplitude is small enough (i.e., A 1), the transition rates W 1 2 ( ) can be expanded up to the first order of A as
Within the framework of the theory in [64, 65] , the SNR is defined as the ratio of the peak height of the spectral intensity to the height of the noise background at the same frequency. Then the SNR in terms of the output signal power spectrum can be given by
Through Eq. (25), the effects of the noise strengths D and α, the cross-correlation strength λ and the delay time τ on the SNR are plotted in Figs. 4-7. The SNR (R M ) as a function of additive noise intensity α is plotted in Fig. 4 for different values of the cross-correlated strength λ. For λ 0 0, as shown in Fig. 4(a) . It is found that the R M as a function of additive noise intensity α exhibits only a maximum, which corresponds to a resonant peak. The existence of the maximum in the R M is the identifying characteristic of the SR phenomenon. As the value of |λ| is increased, the maximum in the R M is increased, i.e., the negative correlation between two noises with λ < 0 enhances the SR phenomenon. However for λ > 0 0, as shown in Fig. 4(b) , given a small λ value (see λ = 0 1) there is only a resonant peak at a large value of α; as the value of λ increases, a second maximum in the R M appears at a small value of α. The existence of a double-peak behavior in the R M is the identifying characteristic of the double SR phenomenon. The double SR phenomenon has also been demonstrated in previous investigations [66] , where the existence of a second peak in the SNR is associated with a regime of optimal sensitivity for intra-well dynamics, rather than for tuning the positive correlation between two noises here. At the same time, the height of double-peak decreases as λ increases, namely, the positive correlation between two noises (λ > 0) weakens the double SR phenomenon. In interesting point here is that, for τ = 0 0 or small value of τ (τ = 0 5), there is a double-peak in the R M , i.e., one peak is at small α, and the other is at large α. When the value of τ is large enough ( τ = 0 9), the peak at large α disappears and the peak at small α increases. In other words, the time delay causes the change from double-peak to single peak, and enhances the SR phenomenon.
The R M as a function of multiplicative noise intensity D for different values of the cross-correlated strength λ is plotted in Fig. 6 . For λ 0 0, as shown in Fig. 6(a) , it is clear that the R M exhibits a maximum. However for λ > 0 0, as shown in Fig. 6(b) , it is found that the R M exhibits a minimum. The existence of the minimum in the R M is the identifying characteristic of the stochastic reverse- resonance phenomenon. As the value of λ is increased, the minimum in the R M is decreased, i.e., the positive correlation between two noises (λ > 0) weakens the stochastic reverse-resonance phenomenon.
In Fig. 7 , the R M as a function of multiplicative noise intensity D is plotted for different values of the delay time τ. This figure shows that there is only a maximum for a small value of time delay τ at a large value of D. When the value of τ is increased, the maximum is increased. However, if the time delay τ is large enough (i.e., τ = 0 9 in Fig. 7) , the maximum will disappear. In other words, the time delay not only enhances the SR phenomenon, but also causes the SR phenomenon to disappear.
Discussion and conclusions
In this paper, we have investigated the SR phenomenon in a tumor cell growth model under immune surveillance, where time delay and cross-correlation between multiplicative and additive noises are considered in the system. The deterministic potential related to the deterministic force in Eq. (1) has two steady stable states, which correspond to the state of stable tumor and state of extinction, respectively. First, we are interested in how the transition from one state to the other because of the time delay and noises occurs. Our results show that the time delay can accelerate the transition from the state of stable tumor to that of extinction, but the positive correlation between two noises can accelerate the transition from the state of extinction to that of stable tumor. Then, based on the theory of SNR in [64, 65] , when multiplicative periodic signal is considered, the effects of the time delay and cross-correlated intensity on the SNR are analyzed, respectively. The existence of a maximum (or minimum) in the SNR as a function of the noise intensity identifies the characteristic of the SR (or stochastic reverse-resonance) phenomenon. The time delay and cross-correlation between two noises can lead to a transition between SR and double SR in the curve of SNR as a function of additive noise intensity, while for the curve of SNR as a function of multiplicative noise intensity, the time delay can cause the SR phenomenon to disappear, and the crosscorrelation between two noises can lead to a transition from SR to stochastic reverse-resonance. Finally, we compare the SR for the multiplicative periodic signal with that for additive periodic signal in this system. When periodic signal is introduced additively, the equivalent stochastic differential equation of Eq. (3) can be generated as
here B and Ω are the amplitude and frequency of the periodic signal, respectively. We calculate the SNR (R A ) by using the theory of SNR in [64, 65] . The R A as a function of α for different values of the cross-correlated intensity λ and delay time τ are plotted in Figs. 8 and 9 . In Fig. 8(a) , when the cross-correlated intensity λ ≤ 0 0, the SR phenomenon is not observed. When the correlation is positive, it is clear that the R A exhibits a maximum and a minimum as shown in Fig. 8(b) , and its maximum appears at a large value of α. When the cross-correlated intensity λ is large enough, a new maximum appears at a small value of α, and the maximum at large α shifts to the greater value of α. In Fig. 9 , it is shown that the R A exhibits a maximum and a minimum when time delay τ = 0 0, and the maximum and minimum will disappear as τ increases. In conclusion, we have studied the effects of the time delay in a tumor cell growth model with both multiplicative periodic signal and additive periodic signal. Our work shows the synchronous response of tumor cells to treatments with time delay and noises. In addition, the synchronous response of tumor cells to chemotherapy is one of the interesting findings. We anticipate that the findings will stimulate theoretical and experimental works in a real tumor cell growth model with seasonal treatments.
